Recently it has been argued that the phantom thin-shell wormholes matched with the Schwarzschild space-time near the Schwarzschild radius ring like Schwarzschild black holes at early times, but differently at late times [1]. Here we consider perturbations of the wormhole which was constructed without thin-shells: the Bronnikov-Ellis wormhole supported by the phantom matter and electromagnetic field. This wormhole solution is known to be stable under specific equation of state of the phantom matter. We show that if one does not use the above thin-shell matching, the wormhole, depending on the values of its parameters, either rings as the black hole at all times or rings differently also at all times. The wormhole's spectrum, investigated here, posses a number of distinctive features.
Then, the time-domain computation of the signal coming from a particle near this wormhole, was shown to be very close to that for the Schwarzschild black hole at early times, but different at sufficiently late times. Consequently, it was claimed that very late times of the gravitational ringdown are important to tell the wormhole from the black hole [1] in the observations of the gravitational waves. Notice, that it was first shown in [18] that the thinshell wormhole can mimic various properties of the Schwarzschild black hole, in particular, its quasinormal ringing.
Here we shall show that once one does not use the special matching near the Schwarzschild radius and use the configuration constructed without thin-shells instead, an opposite situation occurs: a wormhole may ring like a black hole at all times or differently also at all times, depending on the values of the wormhole and black-hole parameters. For this purpose we shall consider, as an illustration, the above mentioned Bronnikov-Ellis wormholes supported by the phantom matter and electromagnetic field. We shall further consider some generalization of this wormhole for the case of non-zero rotation and some general properties of traversable rotating wormholes. In particular, we find that super-radiance is allowed only for wormholes which are not symmetric with respect to their throats and only under certain exotic assumptions. Then we show that the wormhole symmetric with respect to its throat can mimic effectively the ring-down of a black hole only at a chosen multipole number, but not various modes corresponding to different multipole numbers at the same time.
The paper is organized as follows: Sec. 2 summarizes briefly the perturbation equations for the non-rotating wormhole, including the obtained effective potentials. Sec. 3 is devoted to the time-domain and WKB analysis of the quasinormal spectra of the Bronnikov-Ellis wormholes. Sec. 4 considers ringing of generalized traversable wormholes. Sec. 5 is devoted to general analysis of super-radiance for arbitrary rotating traversable wormholes. In the Conclusion (Sec. 6) we discuss the obtained results and future aims.
Perturbations of the Bronnikov-Ellis wormholes.
We consider a simple model of a zero-mass wormhole, given by [16] 
where the parameter q characterizes the electric or magnetic field in Wheeler's geometrodynamics [15] . The phantom matter is supposed to have a negative energy density:
I. Novikov, K. Bronnikov, and others showed that under the special choice of the equation of state for the phantom matter, the above wormhole is linearly stable against spherically symmetric perturbations of polar type and arbitrary axial perturbations [16, 19] . This equation of state implies that initially pressureless phantom matter acquires non-zero pressure proportion to the perturbations of its density. As currently there is no any strictly pre-viewed equation of state for the phantom matter, this assumption in [16, 19] appears valid. The axial perturbations satisfy the wavelike equations [9] 
where H 1 and H 2 define the amplitude of electromagnetic and gravitational perturbations respectively and the potentials have the form
where ℓ = 2, 3, 4, . . . is the multipole number. Although the background static configuration assumes that the phantom matter can be described effectively as the pressureless dust, the s-mode perturbations in their general form lead not only to the variation of the energy density, but also to a non-zero contribution to the pressure [19] . The arbitrary linear spherically-symmetric perturbations of (2.1) allow for sound waves in the phantom medium, depending on a function
which is square of the speed of sound. The particular choice h(x) = 0 corresponds to the pressureless matter, imposing an additional constrain to the dynamics of the phantom matter and apparently leading to the instability [16] .
The phantom matter considered in [16, 19] is an exotic scalar field. By now there is no pre-viewed properties of such a field, which would guarantee that once we can effectively describe the static configuration of the phantom matter in equilibrium by the pressureless dust, the time-dependent perturbed configuration could also be modeled by the pressureless dust. That is, we are not guaranteed that the static pressureless configuration is not the particular case of a more general state of phantom matter with non-zero pressure. This freedom was used by authors of [16, 19] in order to claim the stability of such a system.
The perturbation equation can be reduced to the following wave-like form [19] 
where
with the function h(x), defined as 6) and the tortoise coordinate z with respect to the sound waves is related to x through
spanning one of the branches, either x ≥ 0 or x ≤ 0. Hereafter we assume that the speed of sound cannot exceed the speed of light, hence, h(x) ≤ h 0 ≤ 1.
With these master equations at hand we can further exploit the time-domain integration in order to find quasinormal modes and ringing profiles of the above wormhole. Table 1 . Dominant axial modes (in units of q) of the charged wormhole (2.1) obtained with the help of the convergent time-domain integration.
Quasinormal ringing of the Bronnikov-Ellis wormholes
We shall use here the discretization scheme proposed by Gundlach, Price, and Pullin [20] . This method was used for calculation of quasinormal modes in a great number of works [2] . Comparisons of the time-domain numerical data with the accurate frequency-domain calculations show excellent agreement not only in cases when a black hole is stable, but also near the onset of instability (see, for example, [21] ). Rewriting the master equation (2.5) in terms of the light-cone coordinates du = dt − dz and dv = dt + dz, one finds
The discretization scheme has the following form
where N , W , E and S are the points of a square in a grid with step ∆ in the discretized u-v plane: S = (u, v), W = (u + ∆, v), E = (u, v + ∆) and N = (u + ∆, v + ∆). With the initial data specified on two null-surfaces u = u 0 and v = v 0 we are able to find values of the function Ψ at each of the points of the grid. Since quasinormal modes and the asymptotical behavior of perturbations do not depend on initial conditions (as confirmed by several numerical simulations), we shall consider the Gaussian wave initial data on v-axes (see [2] for more details). For axial-type perturbations the equations are chained as in (2.3), therefore, after introducing the appropriate light-cone coordinates, du = dt − dx and dv = dt + dx, we obtain equation, similar to (3.1), but with the effective potential given in the matrix form
Applying the same scheme (3.2), were the multiplication is replaced by the corresponding matrix product, we obtain time-domain profiles for both electromagnetic and gravitational perturbations, H 1 and H 2 . The ℓ = 2 (n = 0) mode ωq = 1.246 − 0.192i (see Table 1 ) of the Bronnikov-Ellis wormhole has different quality factor ∼ Re(ω)/Im(ω) from that of the Schwarzschild black hole for which ωM = 0.374 − 0.089i. This means that one can always tell such a wormhole from a spherically symmetric black hole in General Relativity, even if the corresponding parameters, q and M , are unknown (see Fig. 1 ).
The particular choice of the equation of state for the phantom matter, made in [19] , leads to the non-zero, constant value of the effective potential for the spherically symmetric Table 2 . Dominant s-modes (in units of q) which stipulate the perturbations of the phantom matter in the Bronnikov-Ellis wormhole.
perturbations at the throat z = −∞. This non-zero asymptotic of the s-wave potential at z = −∞ makes the wave equation similar to that of the massive fields with µ 2 -asymptotic of the effective potential. As a result (see Fig. 2 ), the quasinormal modes and the time-domain profiles look similar to those for massive fields in the background of black holes or of massless fields in the background of black strings [22] . Then, the natural question is whether through varying of the only parameter of the equations of state, the speed of sound at infinity h 0 , one can obtain the infinitely long living modes called quasi-resonances [23] ? When increasing the speed of sound at infinity, we noticed that the damping rate diminishes (see Table 2 ), yet, even if h 0 coincides with the speed of light, the quasi-resonances cannot be reached as it is shown on Fig. 2 . However, the choice (2.6) might be not the only one, leading to a stable configuration. Therefore, it is not excluded that other models for the phantom matter may allow for quasi-resonances. Thus, in the this section we have considered the wormhole configuration which rings differently from a black hole both at the early and asymptotically late times. In the next section, by performing some generalization of the above Bronnikov-Ellis model, we shall show that it is possible to choose such parameters of the wormhole that the latter will also ring as the Schwarzschild/Kerr black hole at early and late times.
Examples of wormholes which ring like the Schwarzschild/Kerr black holes
Here we shall consider a more general, traversable wormhole with a few independent parameters in order to illustrate another aspect of the wormhole ringing: parameters of a wormhole can be fixed in such a way that the corresponding quasinormal modes of a wormhole will be very close to those of the Schwarzschild/Kerr black hole under certain values of mass and angular momentum. We rewrite the metric (2.1) in the general form [24] 
by introducing a radial coordinate r 2 = x 2 + q 2 . Then, one has
where Φ(r) and b(r) are the red-shift and shape functions.
Here, for purely illustrative purpose, we shall consider a more general spherically symmetric Lorentzian traversable wormhole with a throat at r = q by introducing
3)
The wormhole (4.3) has a number of interesting for us features:
• It has the same post-Newtonian behaviour as a point-like particle of mass µ,
• It has a throat at q ≥ 2µ ≥ 0 such that in the limit of q = 2µ it coincides with the Schwarzschild black hole. The similar limit occurs with the thin-shell black hole when the throat is approaching the Schwarzschild radius [1] , though here we do not use any phantom shells.
• When µ = 0 we have the massless wormhole (2.1) found by Ellis and Bronnikov.
Using the standard ansatz
Klein-Gordon equation for a test scalar field in this background can be reduced to the wavelike equation [24] H
where m is the integer azimuthal number, x is the tortoise coordinate with two branches (positive and negative) defined as 5) and the effective potential is
with the multipole number ℓ = |m|, |m| + 1, |m| + 2, . . .. Since V 0 is a function of r, due the definition of the tortoise coordinate and, unlike in the Schwarzschild background, we have V 0 (−x) = V 0 (x). Despite the different behaviour of the effective potential comparing to that of the black hole, one can find such parameters of the wormhole and the Schwarzschild black hole that the ℓ = 2 time-domain profiles are the same at all times (see Fig. 3 ). As the parameters of the source emitting the signal GW150914 are currently known with enormous uncertainty of tens of percents [6] , one has this freedom of arguing, matching signals of a black hole and wormhole with different parameters. Within the Table 3 . Dominant quasinormal modes for ℓ = m = 2 for the Kerr black hole (M = 1 and a = 0.65M ) and the rotating wormhole (µ = 0.55, a = 0.65µ, q = 3. 25) black hole concept, the above uncertainty leads also to considerable freedom for deviations from the Kerr geometry, that is, to a window for alternative theories of gravity [25, 26] . Further generalization of the wormhole can be done by introducing a rotation parameter a into the general wormhole ansatz (4.1) as follows
Application of the WKB formula [27] 
where the explicit form of the operator Q depends on the order of the WKB series, allows one to find the dominant quasinormal modes with reasonable accuracy. We can see that the quasinormal frequencies of the Kerr black hole with angular momentum a = 0.65M are quite close to those of the rotating wormhole when µ = 0.55, a = 0.65µ, q = 3.25. The difference for the ℓ = m = 2 mode is less than the announced by LIGO 3% accuracy for the observed quasinormal frequency. At the same time ℓ = m = 3 is quite different (see Table 3 ). This means that expected observations of more events of gravitational wave emission, say, when two black holes are approximately of the same mass (so that ℓ = m = 3 is excited) should probably quickly tell a wormhole from a black hole. When two black holes (Kerr and its competitor) are compared in this way, the situation is opposite: one can find such parameters of black holes that not only ℓ = m = 2 mode, but many modes of the spectra will be very close for both black holes [25] . We could suppose that this difference in modes "fitting" between the combination comparisons "black hole vs alternative black hole" and "black hole vs wormhole" is somehow connected with the symmetries of the effective potential mentioned above: the wormhole potential is symmetric with respect to the wormhole throat, thus one apparently cannot fit the potential of a wormhole with the black hole potential everywhere near its maximum. On the contrary, when comparing quasinormal ringing of two black holes such fitting of potentials is certainly possible. Therefore, we expect that when considering an axisymmetric wormhole which is not symmetric with respect to its throat, such fitting wormhole's and black hole's ringings at many modes (ℓ = m = 2, ℓ = m = 3 and others) would be possible.
Scattering around arbitrary rotating traversable wormholes
Now we shall consider some general features of waves scattering around such a rotating traversable wormhole, which is not symmetric with respect to its throat. In this section, wishing not to be limited by any particular gravity theory or configuration of fields, we shall develop here an agnostic view on wormholes. Considering in the beginning generic Lorentzian, traversable wormhole, which is not symmetric with respect to its throat, and can even be differentially rotating, we shall show how this general class of geometries could be further constrained by the effect of superradiance.
It is clear that unstable metrics cannot exist in nature, and there is no sense in discussing the wave scattering or quasinormal ringing of stable modes on the essentially unstable spacetime background. Thereby, although our approach is applicable for these cases as well, we did not consider configurations for which clear indications of instability are known in the literature.
Recently, an interesting rotating non-symmetric wormhole solution supported by the phantom matter has been found in [28] . Although its non-rotating (and possibly slowlyrotating) regime is unstable [29] , it is not excluded that at some higher rotation the configuration might be stabilized. In that case it would interesting to study the quasinormal ringing of such a wormhole [28] . Here we can show that as the wormhole solution in [28] admits different asymptotic values of the rotation parameters on both sides, then the inequality (5.4) is performed, and the non-symmetric wormhole of [28] allows for the superradiance.
The metric of a non-symmetric with respect to its throat, rotating, Lorentzian, traversable wormhole can be written as follows [30] :
where components of the metric tensor, being functions of r, and θ, are chosen in such a way that they are regular on the symmetry axis θ = 0, π and the functions b ± (r, θ) are nonnegative (r = b ± (r, θ) corresponds to the throat). The functions Φ ± (r, θ), b ± (r, θ), K ± (r, θ), andω ± (r, θ) must match at the throat, so that the metric coefficients are continuous and differentiable.
The effect of superradiance originally takes place for rotating black holes and conducting cylinders. Black holes spend their rotational energy on amplification of incident waves of perturbation [31, 32] . This amplification can be easily seen from the asymptotic forms of the solutions near the black hole horizon and at spatial infinity, say, for Kerr geometry,
where Ω h is the angular velocity of the black hole.
Here R is called the amplitude of the reflected wave, and T is the transmission coefficient. If |R| > 1, that is (mΩ h /ω) > 1, then, the reflected wave has larger amplitude than the incident one. As the process of super-radiant amplification occurs due-to extraction of rotational energy of the black hole, it happens only for "co-rotating" modes with positive values of azimuthal number m.
The Klein-Gordon equation in the background given by (5.1) does not allow separation of angular variables from the radial part in the most general case. For a rotating wormhole, which is symmetric with respect to its throat, and under the assumption that Φ, b, and ω are functions of r only and K is a function of θ, the separation of variable is possible [33] . It was shown that for this particular case the superradiance is absent [24] . Here we shall not constrain the behavior by requiring that some of the functions depend only on r and the others -only on θ in the whole space. It is sufficient to assume that the dominant contributions to Φ ± (r, θ), b ± (r, θ), andω ± (r, θ) at large distance are constants, while the dominant term in K ± (r, θ) far from the throat depends only on θ,
Using the same ansatz, we find the asymptotic form of the wave-like equation (cf. Eq. 4.4)
where the tortoise coordinate at large r is given
The tortoise coordinate x (although unknown explicitly in such a general consideration) maps the two regions, r ≥ b ± (r, θ), onto (−∞, ∞) and for the scattering problem we have the following boundary conditions
By comparing the Wronskian of the two linearly independent solutions of the wave-like equation Ψ and Ψ * at the boundaries, we find that that is, unless the rotation parameters as seen from the asymptotically far regions at both sides from the throat are not equal. The latter corresponds to a quite exotic situation of the differentially rotating wormhole or, probably, to a situation when the "right universe" rotates relatively to the "left" one (see Fig. 4 ). The super-radiance, evidently, should occur until the asymptotic rotation parameters Ω ± become equal. Following the path of exotic models, one could say that if wormholes between various rotating, Gödel-like universes existed, after some time the super-radiance would have prevented difference in the speed of rotation between these universes.
Conclusions
The radiation of a point particle in the vicinity of the phantom thin-shell wormhole matched with Schwarzschild space-time near the Schwarzschild radius leads to the time-domain radiation profile which is different from the Schwarzschild one's only at sufficiently late times [1] . This leads to the conclusion that in order to test the regime strong gravity (a horizon or a wormhole throat) one needs to investigate the very late times of the gravitational ringdown. The existence of such an exotic distribution of the phantom matter near the wormhole's throat, that is, the thin-shell model, as well as the particular matching near the Schwarzschild radius are bold assumptions which should certainly be well justified [34] .
Here we shave shown that if one does not use the above thin-shell "tailoring" and a specific matching near the Schwarzschild radius, then, the opposite conclusion takes place: Varying the shape function of a traversable wormhole we show that its quasinormal ringing can be "made" indistinguishable from that of the black hole at all times. On the other side, once the wormhole's ringing is different from the black hole's one, it is different also at all times. The latter is the case of the Ellis-Bronnikov wormhole configuration supported by the electromagnetic field and the phantom matter, which was constructed without thin-shells. We showed that while ℓ ≥ 2 modes of this wormhole are different from the Schwarzschild ones, the s − mode looks like a perturbation of an effectively massive field. The latter is owing to the special equation of state of the phantom matter.
We have also shown that arbitrary axisymmetric, traversable wormholes allow for superradiance only if they are not symmetric with respect to their throats in such a way that the asymptotic values of the rotation parameters are different on both sides from the throat. We expect that the symmetric wormholes should be different from the non-symmetric ones also in the following aspect: the symmetric wormholes cannot mimic effectively the ringing of a black hole at a few various dominant multipoles at the same time. Therefore, future observations of various events should easily tell the symmetric wormhole from a black hole.
Taking into consideration the above discussed results and supposing that such exotic objects as wormholes might exist, observations in the electromagnetic sector could be the most helpful for telling the wormhole mimicking gravitational ringdown of the black hole.
